Annulus SLE partition functions and martingale-observables by Byun, Sung-Soo et al.
ANNULUS SLE PARTITION FUNCTIONS AND
MARTINGALE-OBSERVABLES
SUNG-SOO BYUN, NAM-GYU KANG, AND HEE-JOON TAK
Abstract. We consider OPE family of the central charge modifications of the
Gaussian free field with excursion-reflected/Dirichlet boundary conditions in a
doubly connected domain and show that the correlations of fields in the OPE
family under the insertion of one-leg operator with marked boundary points are
martingale-observables for variants of annulus SLEs. By means of screening, we
find Euler integral type solutions to the parabolic partial differential equations for
the annulus SLE partition functions introduced by Lawler and Zhan to construct
the class of martingale-observables associated with these solutions.
1. Introduction and main results
Since Schramm introduced Schramm-Loewner evolution (SLE) in a simply con-
nected domain [22], SLE theory has successfully produced rigorous proofs of several
remarkable conjectures in statistical physics over the past two decades. Among
these, conformal invariance of scaling limits of some important critical lattice mod-
els has been proved by means of SLE. Such results have been obtained by the
fundamental fact that certain discrete observables converge to conformally covari-
ant martingale processes. For instance, in [25], Smirnov used Cardy’s observables to
prove conformal invariance of scaling limit of critical site percolation in a hexagonal
lattice. Schramm and Sheffield made use of a certain bosonic observable to prove
that the level lines of discrete Gaussian free field (GFF) with specific height gaps
converges to SLE(4), see [24]. Chelkak, Duminil-Copin, Hongler, Kemppaninen and
Smirnov proved existence of scaling limit of FK Ising model interfaces and its confor-
mal invariance by virtue of certain parafermionic observables, see [3] and references
therein. In addition, some geometric properties of SLE curves have been obtained
by means of SLE martingale-observables. Examples include the study of Haus-
dorff dimensions (Beffara’s observables), and left passage probabilities (Schramm’s
observables) of SLE, see [1, 23].
In this paper we use the framework developed in [15–19] to implement a ver-
sion of conformal field theory (CFT) in a doubly connected domain with excur-
sion reflected (ER)/Dirichlet boundary conditions and construct a large class of
martingale-observables for variants of annulus SLE. In the physics literature, it
is well known that under the insertion of ratio of the one-leg operator Ψ to its
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correlation function E Ψ, the correlators in a certain class of fields are martingale-
observables for SLEs. In a doubly connected domain, Hagendorf, Bernard and
Bauer studied GFF with Dirichlet/Dirichlet-Neumann boundary conditions, and
described some martingale-observables for specific types of annulus SLE(4), see [11].
Hagendorf presented physical arguments on how to extend this result to κ 6= 4 for
the Dirichlet boundary case in [10].
In mathematics, Zhan has studied basic properties of SLE in a doubly connected
domain. For κ ≤ 4, he considered the annulus SLE(κ,Λ) with one force point, where
Λ := κ(logZ)′ is the drift function of driving process of SLE and introduced the null
vector equation (parabolic PDE) for the partition function Z such that SLE(κ,Λ)
satisfies domain Markov property and reversibility, see [30]. Moreover, in [29], he
showed that these SLEs satisfy the generalized restriction property. At the same
time, Lawler used the generalized restriction property and Brownian loop measure
to define SLEs in a multiply connected domain and showed that in the annulus, his
crossing SLE partition function (the total mass of a positive measure on crossing
SLE curves) for κ ≤ 4 satisfies the null vector equation, see [20].
The statistical fields we consider in this paper form the OPE family F(b) gener-
ated by central charge modifications Φ(b) of the GFF in a doubly connected domain
under OPE multiplication. Here, b is a real parameter related to the central charge
c as c = 1− 12b2 and to the SLE parameter κ as b = √κ/8−√2/κ. We consider
two types of boundary conditions of GFF, ER and Dirichlet boundary conditions.
Green’s function with ER boundary condition or Green’s function for excursion
reflected Brownian motion (see [5]) is known as a modified Green’s function in the
analysis literature, e.g., see [4].
Ward’s equation is one of our main ingredients to establish the relation between
CFT in a doubly connected domain and annulus SLE. Whereas Ward’s equations
in a simply connected domain describe the Virasoro fields in terms of Lie deriv-
ative operators within correlations, the statement of those in a doubly connected
domain contains the derivative of correlation functions with respect to the mod-
ular parameter as well. These forms of Ward’s equations are well known in the
physics literature, e.g., Ward’s equations in a doubly connected domain [11] and
Eguchi-Ooguri’s version of Ward’s equations on a complex torus of genus one [8].
We derive them not from the path integral formalism but from the pseudo-addition
theorem of Weierstrass zeta function. See [18] for a mathematical derivation of
Eguchi-Ooguri’s version of Ward’s equations.
We construct the one-leg operator Ψβ ≡ Ψβ(p, q) from the Gaussian free field as
the modified multi-vertex field (or the OPE exponential) with the charge a =
√
2/κ
at the starting point p of SLE(κ,Λ) and additional charges β =
∑
βj · qj at force
points q. Here we require that total sum of charges should vanish. On a com-
plex torus (of genus one), this requirement is known as the neutrality condition
in the physics literature. With this choice of charge at p, Ψβ satisfies the level
two degeneracy equation. Following the set-up in the physics literature, we set
Λ(ξ, q) = κ ∂ξ log E Ψβ(ξ, q) and consider a collection of all correlation functions of
fields in the OPE family F(b) generated by Φ(b) under the insertion of the properly
normalized one-leg operator. Then we show that this collection forms martingale-
observables for SLE(κ,Λ), see Theorem B below. For Dirichlet boundary con-
dition, the neutrality condition for Ψβ(p, q) coincides with the boundary condi-
tion that Izyurov and Kyto¨la¨ considered in [13], i.e., the requirement that jumps
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(of the correlation function ϕ(z) := E Φ(0)(z)Ψβ(p, q)/E Ψβ(p, q)) on the bound-
ary should add up to zero. They explained that the 1-point function ϕ and the
2-point function (z1, z2) 7→ E Φ(0)(z1)Φ(0)(z2)Ψβ(p, q)/E Ψβ(p, q) are martingale-
observables for SLE(4,Λ). However, the null vector equation for the partition func-
tion Zβ := E Ψβ of this type of SLE(κ,Λ) with one force point is different from
Lawler and Zhan’s unless κ = 4.
We apply the method of screening to find an explicit solution to Lawler and
Zhan’s null vector equation for each κ in the chordal case and to construct a class
of SLE(κ,Λ) martingale-observables associated with this solution. If κ > 4, we can
deform a Pochhammer contour in the method of screening so that the solution can
be represented in terms of Euler type integral. In the case κ ≤ 4, we perform a
proper analysis on an analytic continuation (with respect to κ) of the Pochhammer
contour integral to obtain a non-trivial real-valued solution. We remark that in [30],
Zhan described a solution in the crossing case with κ ≤ 4 in terms of the Feynman-
Kac formula.
1.1. Notation. Throughout this paper, we use the following symbols: let T = {z ∈
C : |z| = 1}; for r > 0 let Ar = {z ∈ C : e−r < |z| < 1}, Tr = {z ∈ C : |z| = e−r},
Sr = {z ∈ C : 0 < Im z < r}, and Rr = {z ∈ C : Im z = r}. We also denote by Cr the
cylinder Sr/〈z 7→ z+2pi〉, and by Dr a doubly connected domain with modulus r. A
subset K of a doubly connected domain D is called a hull in D if D \K is a doubly
connected domain and K has positive distance from one boundary component of D.
For any hull K of D, let us define capD(K) := mod(D)−mod(D\K) as the capacity
of K in D, where mod(·) denotes the modulus of a doubly connected domain.
We write Θ(r, z) := θ
(
z
2pi ,
ir
pi
)
, Θ˜(r, z) := Θ(r, z) ez
2/4r and ΘI(r, z) := θ2
(
z
2pi ,
ir
pi
)
,
where θ(z, r) and θk(z, r), (k = 1, 2, 3) are Jacobi theta functions, see [2, p.63].
For a notational convenience, we sometimes omit the modular parameter r, e.g.
Θ(·) ≡ Θ(r, ·), etc.
1.2. Basic setup. For a fixed real parameter b, we define the central charge mod-
ification of GFF Φ(0) in Dr by adding a certain non-random pre-pre-Schwarzian
form as follows:
Φ(b) := Φ(0) − 2b argw′,
where w is a conformal map fromDr onto Cr.We remark that argw′ does not depend
on the choice of a conformal map. We denote by F(b) the OPE family of the Φ(b),
the algebra (over C) spanned by the generators 1, mixed derivatives of Φ(b), those of
OPE exponentials e∗αΦ(b) (α ∈ C), and their holomorphic/anti-holomorphic/mixed
parts (with certain neutrality conditions) under the OPE multiplication.
We now introduce the annulus SLE with N -marked boundary points q1, · · · qN .
Similarly as in a simply connected domain, the annulus SLE(κ,Λ) can be described
by Loewner’s differential equation, which was introduced by Zhan in [28]. Let ξ
be a (real-valued) continuous function defined on [0, T ) for some 0 < T < r. By
definition, the Loewner kernel S(r, z) on Ar = {z : e−r < |z| < 1} is given by
S(r, z) = lim
N→∞
N∑
n=−N
e2nr + z
e2nr − z .
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For each z ∈ Ar, let gt(z) be the solution (which exists up to the first time τz ∈ (0, T ]
that gt(z) hits ξt) of the annulus Loewner equation
∂tgt(z) = gt(z)S(r − t, gt(z)/eiξt), g0(z) = z.
For each time t ∈ [0, T ), let Kt := {z ∈ Ar : τz ≤ t}. Then Kt is a hull in Ar and has
capacity t. Moreover, gt is a conformal map from (Ar \Kt,Tr) onto (Ar−t,Tr−t).
It is convenient to describe annulus SLE in the covering space Sr, where the
Loewner kernel H is expressed in terms of Θ as
H(r, z) := −i S(r, eiz) = 2 ∂z log Θ(r, z).
For each z ∈ Sr, we denote by g˜t(z) the solution of the equation
∂tg˜t(z) = H(r − t, g˜t(z)− ξt), g˜0(z) = z,
and set K˜t := {z ∈ Sr : τz ≤ t}. Then g˜t is a conformal map from (Sr \ K˜t;Rr) onto
(Sr−t;Rr−t). Moreover for each z ∈ Sr \ K˜t, eig˜t(z) = gt(eiz), and Kt = {eiz ∈ Ar :
z ∈ K˜t}. We call that ξ generates a trace γ if
γt = γ(t) := lim
z→ξt
g˜−1t (z).
It was proved by Zhan in [28] that ξt :=
√
κBt (t < r) a.s. generates continuous
trace, where Bt is a standard one-dimensional Brownian motion.
Suppose Λ is a real-valued C0,1 function on (0,∞) × (C \ {z ∈ 2piZ + 2irZ})N
with period 2pi in each space variable. Let ξt be the solution, which exists up to
the first time T such that ξt − g˜t(qj) ∈ 2piZ, of the SDE
dξt =
√
κdBt + Λ (r − t, ξt − g˜t(q1), · · · , ξt − g˜t(qN )) dt, ξ0 = p.
Applying the Girsanov theorem, it can be shown that up to time T , ξt a.s. generates
continuous trace, see [30, Section 3.2] for further details. We call the trace generated
by ξt the annulus SLE(κ,Λ) trace started from p with force points q1. · · · , qN .
Now we recall the definition of SLE martingale-observables. A non-random
(conformal) field f in a planar domain D (or on a Riemann surface M in general)
is an assignment of smooth function (f‖φ) : φU → C for each local chart φ. By
definition, a non-random field M is a martingale-observable for annulus SLE(κ,Λ)
if for any z1, · · · , zn, the process
Mt(z1, · · · , zn) :=
(
M‖w˜t−1
)
(z1, · · · , zn), w˜t := g˜t − ξt, (t < T )
(stopped when any zj or any qk is swallowed by the Loewner hull K˜t) is a local
martingale on the annulus SLE probability space.
1.3. Main results. For a smooth vector field v, let us denote by L+v (resp., L−v )
the C-linear (resp., anti C-linear) part of Lie derivative operator Lv with respect
to v, i.e., L±v = (Lv ∓ iLiv)/2. We define a stress tensor A(b) by
A(b) := −
1
2
∂Φ(b)  ∂Φ(b) + ib ∂2Φ(b),
where  denotes the Wick’s product. See Subsection 2.4 for more details.
We derive the following form of Ward’s equation for both ER and Dirichlet
boundary conditions.
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Theorem A. For any string X of fields in the OPE family F(b), we have
2E
[
A(b)(ζ)X
]
=
(
L+vζ + L−vζ¯
)
E [X ] + ∂rE [X ] ,
where all fields are evaluated in the identity chart of Cr and the Loewner vector field
vζ is given by
(vζ‖idC¯r)(z) = H(r, ζ − z).
To define the one-leg operator Ψ or the modified multi-vertex fields (OPE ex-
ponentials) in general, it is convenient to introduce the formal (1-point) bosonic
fields Φ±(0) in Dr. Although they are not Fock space fields, they can be interpreted
as the “holomorphic part” and the “anti-holomorphic part” of the GFF Φ(0) in the
following sense: Φ(0) = Φ
+
(0) + Φ
−
(0), Φ
−
(0) = Φ
+
(0). Given divisors σ =
∑n
j=1 σj · zj ,
σ∗ =
∑n
j=1 σj∗ · zj , we set
Φ(0)[σ,σ∗] :=
n∑
j=1
σjΦ
+
(0)(zj)− σ∗jΦ−(0)(zj).
Then Φ(0)[σ,σ∗] is a well-defined Fock space field if and only if the following neu-
trality condition (NC0) holds:
n∑
j=1
(σj + σ∗j) = 0.
Given a double divisor (σ,σ∗) for zj ∈ Cr satisying the neutrality condition (NC0),
we define the multi-vertex field O[σ,σ∗] ≡ O(b)[σ,σ∗] by
O(b)[σ,σ∗] = C(b)[σ,σ∗]eiΦ(0)[σ,σ∗],
where C(b)[σ,σ∗] is a differential (see its definition in Subsection 2.3) of conformal
dimensions (λj , λ∗j) at zj (λj = σ2j /2− bσj , λ∗j = σ2∗j/2− bσ∗j) and the evaluation
of C(b)[σ,σ∗] in the identity chart of Cr is given by
Θ′(0)
1
2
∑
j(σ
2
j+σ
2
∗j)
∏
j
Θ(zj − z¯j)σjσ∗j
×
∏
j<k
Θ(zj − zk)σjσkΘ(z¯j − zk)σ∗jσkΘ(zj − z¯k)σjσ∗kΘ(z¯j − z¯k)σ∗jσ∗k
for CFT with ER boundary condition. To obtain the evaluation for Dirichlet bound-
ary condition, one needs to replace all Θ functions in the above formula with Θ˜.
To connect CFT with SLE theory, we choose real parameters a and b in terms
of SLE parameter κ as
a =
√
2/κ, b =
√
κ/8−
√
2/κ.
Given a divisor β =
∑N
j=1 βj · qj satisfying a+
∑N
j=1 βj = 0, we define the one-leg
operator Ψ ≡ Ψβ associated with β by
Ψ ≡ Ψβ(p, q) :=
O[a · z + β/2,β/2] for ER boundary condition (b.c.),O[a · z + β,0] for Dirichlet boundary condition (b.c.).
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Now we consider SLE(κ,Λ), where Λ is set as
Λ(r, p, q) := κ
∂ξ
∣∣
ξ=p
E [Ψ(ξ, q)]
E [Ψ(p, q)]
for Dirichlet boundary condition. For the ER counterpart, certain renormalization
procedure is required in the definition of Λ, see Subsection 4.1. Insertion of the
one-leg operator produces an operator that changes the values of Fock space fields.
See [17, Section 2.3] for its probabilistic counterpart: insertion of Wick’s exponential
eΦ(f) of the GFF in application to a test function f results in the change of the law
of Φ(f) in terms of the Green potential. We now consider the following insertion
procedure:
Ê[X ] := E[Ψβ(p, q)X ]
E [Ψβ(p, q)]
for Dirichlet boundary condition. Again, we need a renormalization procedure
for ER one. The following theorem holds for both ER and Dirichlet boundary
conditions.
Theorem B. For any string X of fields in the OPE family F(b), a non-random
field M = Ê[X ] is a martingale-observable for SLE(κ,Λ).
In Subsection 4.3, we focus on Lawler and Zhan’s chordal type annulus SLE(κ,Λ)
with one force point q starting from p, where both of the marked points lie on the
same boundary component. The drift function Λ is defined in terms of the annulus
SLE partition function Z ≡ Z(r, ·) by Λ = κZ ′/Z. The partition function Z satisfies
the null-vector equation:
∂rZ =
κ
2
Z ′′ +H Z ′ + h1,2(κ)H ′ Z + C(r)Z, h1,2(κ) :=
6− κ
2κ
,(1.1)
where C(r) is a constant depending only on the modular parameter r. For more
details we refer the reader to [20,29].
To develop CFT for Lawler and Zhan’s annulus SLE, we use the method of
screening. Due to the reversibility of annulus SLE(κ,Λ) (at least for κ ≤ 4), the
partition function (i.e., the correlator of corresponding one-leg operator) should
have the same conformal dimensions at p and q. In the case of chordal SLE in
the upper-half plane, it can be achieved by the effective one-leg operator with the
total charge 2b− a (including the background charge 2b) placed at q and with the
charge a placed at p. For more details we refer the reader to [16]. However, this
choice of partition function cannot be realized in the annulus because the neutrality
conditions depend on the connectivity. See [18] for the neutrality conditions on a
compact Riemann surface of genus g. Instead we consider
Ψ(p, q) := C(κ)
∮
P(p,q)
O[a · p+ a · q + s · ζ, 0] dζ, (s = −2a)
for both ER and Dirichlet boundary conditions, where the integration contour
P(p, q) stands for the Pochhammer contour entwining p and q, see Figure 1 in Sub-
section 4.3. Here C(κ) is a universal constant depending only on κ, see (4.18). With
this choice of s = −2a, the OPE exponential O[a ·p+a ·z+s ·ζ, 0] is a 1-differential
with respect to the “screening” variable ζ and it satisfies the neutrality condition
(NC0). Clearly, Ψ has the same conformal dimensions both at p and q. Moreover we
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have the following expression of the partition function Z ≡ Z(r, p− q) := EΨ(p, q)
in terms of Jacobi’s theta function:
Z =

C(κ) Θ′(0)
6
κΘ(p− q) 2κ
∮
P(p,q)
Θ(p− ζ)− 4κΘ(ζ − q)− 4κdζ for ER b.c.
C(κ) Θ˜′(0)
6
κ Θ˜(p− q) 2κ
∮
P(p,q)
Θ˜(p− ζ)− 4κ Θ˜(ζ − q)− 4κdζ for Dirichlet b.c.
We remark that for κ > 4, this Pochhammer contour integral is simplified to the
integration along the interval between p, q, see (4.24). It can be shown by the
contour deformation method as we explain in Subsection 4.3. With this choice of
one-leg operator Ψ(p, q), we construct a family of martingale-observables for Lawler
and Zhan’s chordal type SLE(κ,Λ).
Theorem C. For each κ > 0, the partition function Z := E Ψ(·, q) is a non-trivial
(real-valued) solution of the null vector equation (1.1). Moreover, for any string X
of fields in the OPE family F(b), a non-random field
M = ÊX := EΨ(p, q)X
EΨ(p, q)
is a martingale-observable for chordal type SLE(κ,Λ).
Organization of the paper. In Section 2 we review some of the standard notions
in CFT and describe the conformal Fock space fields generated by central charge
modifications of GFF with ER and Dirichlet boundary conditions. Section 3 is
devoted to the study of Ward’s equations (Theorem A) in the annulus. In Section 4
we relate CFT to SLE theory and present the proof of Theorem B. In the last sub-
section, we proceed with the study of null-vector equations and prove Theorem C.
2. Conformal Fock space fields in a doubly connected domain
In this section we implement a version of CFT of GFF in a doubly connected
domain with ER/Dirichlet boundary conditions. We start by reviewing some basic
definitions and concepts developed in [17]. The fields we consider in this paper are
conformal Fock space fields. They are constructed from the GFF with ER/Dirichlet
boundary conditions and its derivatives by means of Wick’s calculus. Furthermore,
they have well-defined correlation functions equipped with conformal structures.
We remark that the correlation functions of all basic fields can be expressed in
terms of classical special functions in function theory such as Jacobi theta functions
and Weierstrass zeta function.
2.1. Special functions.
Let us review definitions and basic properties of some special functions which
are useful to represent the Loewner vector field and the correlation functions of
Fock space fields.
For each r > 0, the Loewner kernel H(r, ·) in Sr is given by
H(r, z) := −iP.V. lim
n→∞
∑
n∈2Z
enr + eiz
enr − eiz .
We refer to [30] for basic properties of the Loewner kernel H(r, ·). For reader’s
convenience, we list some of them as follows:
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• a meromorphic function H(r, ·) on C has simple poles at 2pim+2irn, (m,n ∈
Z) with residue 2;
• H(r, z + 2pi) = H(r, z) and H(r, z + 2ir) = H(r, z)− 2i;
• H(r, ·) is an odd function;
• H(r, ·) takes real values on R \ {2pin : n ∈ Z} and ImH(r, ·) ≡ −1 on Rr;
• H(r, pi) = 0, H(r, ir) = −i, and H(r, pi + ir) = −i.
For simplicity of notation, we write
(2.1) HI(r, z) := H(r, z + ir) + i, H˜(r, z) = H(r, z) +
z
r
.
A holomorphic function
Θ(r, z) :=
1
i
∞∑
n=−∞
(−1)ne−r(n+ 12)
2
e(n+
1
2)iz
vanishes only on 2piZ+ 2irZ and
ΘI(r, z) :=
∞∑
n=−∞
(−1)ne−rn2eniz
is related to Θ as
(2.2) ΘI(r, z) = iΘ(r, z − ir) exp(−r/4− iz/2).
The functions H, HI can be represented in terms of Θ,ΘI as follows:
(2.3) H(r, z) = 2
Θ′(r, z)
Θ(r, z)
, HI(r, z) = 2
Θ′I(r, z)
ΘI(r, z)
,
where derivatives are taken with respect to the z-variable. We remark that Θ and
ΘI are related to the classical Jacobi theta functions θ(z, r) and θ2(z, r) (see below
for their definitions) as
Θ(r, z) = θ
( z
2pi
,
ir
pi
)
, ΘI(r, z) = θ2
( z
2pi
,
ir
pi
)
,
where
θ(z, τ) =
1
i
∞∑
n=−∞
(−1)nepiiτ(n+ 12)
2
e(2n+1)piiz, θ2(z, τ) =
∞∑
n=−∞
(−1)nepiiτn2e2npiiz.
It is well known that Θ and ΘI solve the following heat equations
(2.4) ∂rΘ = Θ
′′, ∂rΘI = Θ′′I .
To describe correlation functions with Dirichlet boundary conditions, it is con-
venient to introduce the following theta function
(2.5) Θ˜(r, z) := Θ(r, z) exp(z2/4r).
Note that theta functions have the following periodicity properties:
Θ(r, z + 2pi) = −Θ(r, z), Θ(r, z + 2ir) = −Θ(r, z) exp(r − iz);(2.6)
ΘI(r, z + 2pi) = ΘI(r, z), ΘI(r, z + 2ir) = −ΘI(r, z) exp(r − iz);(2.7)
Θ˜(r, z + 2pi) = −Θ˜(r, z) exp(pi(z + pi)/r), Θ˜(r, z + 2ir) = −Θ˜(r, z).(2.8)
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The Weierstrass zeta function ζr with basic periods (2pi, 2ir)
(2.9) ζr(z) :=
1
z
+
∑
η
∗( 1
z − η +
1
η
+
z
η2
)
is holomorphic except for the points z ∈ 2piZ+2irZ, where it has simple poles with
residue 1. Here, the sum
∑∗
η in (2.9) is taken over all η of the form 2pim+ 2irn for
(m,n) ∈ Z2 \ {(0, 0)}. It is well known that ζr(pi)/2pi is represented as
(2.10)
ζr(pi)
2pi
= −1
6
Θ′′′(r, 0)
Θ′(r, 0)
=
1
24
− 1
4
∞∑
k=1
sinh−2(kr).
This value will appear in the formula of correlation function of Virasoro field.
The Loewner kernel H is represented in terms of the Weierstrass zeta function:
(2.11) H(r, z) = 2ζr(z)− 2
pi
ζr(pi)z.
In particular, we have the following asymptotic behavior of H:
(2.12) H(r, z) =
2
z
− 2ζr(pi)
pi
z +O(z3), as z → 0.
The following well-known pseudo-addition formula (see [2, p.57]) for zeta func-
tion is a key ingredient to derive a version of Eguchi-Ooguri equations (Proposi-
tion 3.2).
Proposition 2.1. If x+ y + z = 0, then
(2.13)
(
ζr(x) + ζr(y) + ζr(z)
)2
+ ζ ′r(x) + ζ
′
r(y) + ζ
′
r(z) = 0.
By (2.1) and (2.11), we can rewrite (2.13) as follows:
H(z − w)(H(z)−H(w)) = 1
2
H2(z − w) + 1
2
(H(z)−H(w))2
+H ′(z − w) +H ′(z) +H ′(w) + 6
pi
ζr(pi).
(2.14)
2.2. Correlation functions of Fock space fields.
In this subsection we introduce the GFF in a doubly connected domain with
ER/Dirichlet boundary conditions and recall some basic concepts such as Fock
space fields, their correlation functions, and OPE products. As an expansion of the
tensor product of two Fock space fields near diagonal, operator product expansion
(OPE) gives rise to important binary operations, namely OPE multiplications or
OPE products on Fock space fields.
2.2.1. Gaussian free field with ER/Dirichlet boundary condition.
An excursion reflected Brownian motion (ERBM) BERDr in a doubly connected
domain Dr is a strong Markov process stopped at the outer boundary of Dr that
acts like a Brownian motion when it is away from ∂Dr. Also it reflects on the inner
boundary of Dr at a random point chosen according to the harmonic measure from
∞ whenever it hits the inner boundary. It is well known that ERBM is conformally
invariant and so is the Green’s function for ERBM. See [5, 20] for more details.
10 SUNG-SOO BYUN, NAM-GYU KANG, AND HEE-JOON TAK
The Green’s function GDiriDr in a doubly connected domain Dr with zero Dirichlet
boundary conditions vanishes on ∂Dr and in the identity chart of the annulus Ar
we have
(2.15) GDiriAr (ζ, z) = −
log |ζ| log |z|
r
− log
∣∣∣∣∣z
∑∞
k=−∞(−1)ke−(k
2−k)r(ζ/z)k∑∞
k=−∞(−1)ke−(k2−k)r(ζz¯)k
∣∣∣∣∣ ,
see e.g. [12, p.262]. The Green’s function GERAr for ERBM in the annulus Ar is
characterized by
Eζ
[∫ τAr
0
1E
(
BERAr
)
(t)dt
]
=
∫
E
GERAr (ζ, z)dz
for any Borel subset E ⊂ Ar, where τAr := inf
{
t : BERAr (t) ∈ T
}
. Then by [5,
Proposition 5.2 and Lemma 5.5], we have
GERAr (ζ, z) = − log
∣∣∣∣∣z
∑∞
k=−∞(−1)ke−(k
2−k)r(ζ/z)k∑∞
k=−∞(−1)ke−(k2−k)r(ζz¯)k
∣∣∣∣∣ .
In the cylinder Cr, Green’s functions Gr are represented in terms of Jacobi theta
function as
Gr(ζ, z) =

log
∣∣∣∣Θ(r, ζ − z¯)Θ(r, ζ − z)
∣∣∣∣ for ER b.c.
log
∣∣∣∣Θ(r, ζ − z¯)Θ(r, ζ − z)
∣∣∣∣− Im ζ · Im zr for Dirichlet b.c.
By definition, the 2-point correlation function of GFF Φ in Dr is given by
(2.16) E[Φ(ζ)Φ(z)] = 2GDr(ζ, z) =

2 log
∣∣∣∣∣Θ(r, w(ζ)− w(z))Θ(r, w(ζ)− w(z))
∣∣∣∣∣ , for ER b.c.
2 log
∣∣∣∣∣Θ˜(r, w(ζ)− w(z))Θ˜(r, w(ζ)− w(z))
∣∣∣∣∣ , for Dirichlet b.c.
where w is a conformal map from Dr onto Cr. Moreover, we define the n-point
correlation function of Φ as follows:
(2.17) E[Φ(z1) · · ·Φ(zn)] =
∑∏
k
2GDr(zik , zjk),
where the sum is taken over all partitions of the set {1, · · · , n} into disjoint pairs
{ik, jk}. If n is odd, the n-point correlation function of GFF always vanishes. The
current field J = ∂Φ, its conjugate J¯ = ∂¯Φ, and higher order derivatives of Φ are
distributional fields (random generalized functions) and their correlation functions
can be computed by differentiating those of GFF. For example, for ζ 6= z, in the
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identity chart of Cr,
E[J(ζ)Φ(z)] =

1
2
(
H(r, ζ − z¯)−H(r, ζ − z)), for ER b.c.
1
2
(
H˜(r, ζ − z¯)− H˜(r, ζ − z)), for Dirichlet b.c.(2.18)
E[J(ζ)J(z)] =

1
2
H ′ (r, ζ − z) , for ER b.c.
1
2
H˜ ′ (r, ζ − z) , for Dirichlet b.c.
(2.19)
2.2.2. Fock space fields.
In the CFT we present here, we treat the GFF as a Gaussian (correlation)
functional-valued function and view its correlation function as the kernel repre-
senting the expectation of the value of GFF on test functions. We also treat the
derivatives of GFF as centered (mean zero) Gaussian generalized functions and
include Wick’s product of derivatives of GFF in a collection of fields we consider.
By definition, a basic Fock space correlation functional is a (formal form of)
Wick’s product X = X1(z1)· · ·Xn(zn) of derivatives Xj of the GFF, and it has
zero correlation, i.e., EX = 0. Here, points zj ∈ Dr are not necessarily distinct and
called the nodes of X . We write SX ≡ S(X ) for the set of nodes of X . For basic
functionals Xj of the form Xj = Xj1(zj1)  · · · Xjnj (zjnj ) with pairwise disjoint
S(Xj) we define the tensor product X = X1 · · · Xm by Wick’s formula
(2.20) X1 · · · Xm =
∑ ∏
{v,v′}
E [Xv(zv)Xv′(zv′)]
⊙
v′′
Xv′′(zv′′).
The sum in the right-hand side of (2.20) is over all graphs (Feynman diagrams)
with vertices v labeled by functionals Xjk such that there are no edges (Wick’s
contractions) of vertices with the same j, and the Wick’s products are over un-
paired vertices v′′. The tensor product of correlation functionals is commutative
and associative, see [17, Proposition 1.1].
We identify two functionals X1 and X2 if E[X1Y] = E[X2Y] holds for all func-
tionals Y with SY ∩ (SX1 ∪SX2) = ∅. The complex conjugation X of X is the unique
correlation functional (modulo trivial functionals) such that E
[XY] = E [XY] for
all Y’s of the form Φ(z1) · · ·  Φ(zn).
2.2.3. OPE calculations.
A family of fields for which Ward’s equation holds and thus CFT/SLE correspon-
dence holds is closed under the OPE product but not under the Wick’s product.
The operator product expansion (OPE) of two Fock space fields X and Y is an
asymptotic expansion of the X(ζ)Y (z) near diagonal. In particular, if a field X
is holomorphic (i.e., ∂¯X = 0 within correlation), the OPE is defined as a formal
Laurent series expansion
X(ζ)Y (z) =
∑
Cn(z)(ζ − z)n, ζ → z.
More precisely, it means that EX(ζ)Y (z)X = E∑Cn(z)(ζ − z)nX for every X
for ζ, z /∈ SX . In this case, ∗n product is defined as X ∗n Y := Cn, the n-th OPE
coefficient. In particular, we write ∗ for ∗0 and call X ∗Y the OPE multiplication, or
the OPE product of X and Y. We remark that the ∗n product is neither associative
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nor commutative. On the other hand, ∗n satisfies Leibniz’s rule, i.e., ∂ (X ∗n Y ) =
∂X ∗n Y +X ∗n ∂Y.
We now present some examples of OPEs. As ζ → z, (ζ 6= z),
(2.21) Φ(ζ)Φ(z) = log
1
|ζ − z|2 + 2c(z) + Φ
2(z) + o(1),
where c(z) := u(z, z), u(ζ, z) := GDr(ζ, z) + log |ζ − z|. By definition, Φ ∗ Φ =
2c+ Φ2. Differentiating (2.21),
J(ζ)Φ(z) = − 1
ζ − z + J  Φ(z) +
w′(z)
2
H
(
w(z)− w(z)
)
− w
′′(z)
2w′(z)
+ o(1);(2.22)
J(ζ)J(z) = − 1
(ζ − z)2 + J  J(z)−
1
6
Sw(z)− w′(z)2 ζr(pi)
pi
+ o(1)(2.23)
for ER boundary condition. Similar OPEs hold for Dirichlet boundary condition.
Here, Sh is the Schwarzian derivative Sh of a conformal map h, i.e.,
Sh := N
′
h −
1
2
N2h , Nh =
h′′
h′
.
We sometimes use the notation ∼ for the singular part of the OPE. For instance,
we have
J(ζ)Φ(z) ∼ − 1
ζ − z , J(ζ)J(z) ∼ −
1
(ζ − z)2 .
2.3. Conformal Fock space fields.
We treat a stress tensor as a Lie derivative operator to state Ward’s identities.
For this purpose, it is needed to consider Fock space fields in a planar domain (e.g.
a doubly connected domain) as defined on a Riemann surface. The correlation
functions of conformal Fock space fields depend on the choice of local charts at
their nodes.
By definition, a non-random conformal field f on a Riemann surface is a smooth
function (f‖φ) : φU → C for each local chart φ. We define a general conformal
Fock space field as X =
∑
α fαXα, where fα’s are non-random conformal fields
and basic fields Xα are Wick’s products of derivatives of GFF. We now list some
basic non-random fields f with specific transformation laws between f = (f‖φ) and
f˜ = (f‖φ˜) for any two overlapping charts φ and φ˜. A non-random field f is called
a differential of conformal dimension (λ, λ∗) if
f = (h′)λ(h′)λ∗ f˜ ◦ h,
where h is the transition map between φ and φ˜, i.e.,
h = φ˜ ◦ φ−1 : φ(U ∩ U˜)→ φ˜(U ∩ U˜).
By definition, pre-pre-Schwarzian forms (PPS-forms), pre-Schwarzian forms (PS-
forms) and Schwazian forms (S-forms) of order µ are conformal Fock space fields
with transformation laws
f = f˜ ◦ h+ µ log h′, f = h′f˜ ◦ h+ µNh, f = (h′)2f˜ ◦ h+ µSh
respectively.
ANNULUS SLE PARTITION FUNCTIONS AND MARTINGALE-OBSERVABLES 13
2.3.1. Lie derivative of conformal Fock space field.
Suppose a non-random smooth vector field v is holomorphic in some open set
U ⊂M. For a conformal Fock space field X, the Lie derivative LvX in U is defined
as
(LvX‖φ) = d
dt
∣∣∣∣
t=0
(X‖φ ◦ ψ−t) ,
where ψt is a local flow of v, and φ is a given chart. For example, we have
• LvX = (v∂ + v¯∂¯ + λv′ + λ∗v′)X for a (λ, λ∗)-differential X;
• LvX = (v∂ + v′)X + µv′′ for a PS-form X of order µ;
• LvX = (v∂ + 2v′)X + µv′′′ for an S-form X of order µ,
see [17, Proposition 4.1]. For reader’s convenience, we list some basic properties of
the Lie derivatives:
• E[LvX] = LvE[X];
• Lv(X¯) = (LvX);
• Lv(∂X) = ∂(LvX);
• Leibniz’s rule holds for tensor, Wick’s, and OPE products.
We define the C-linear part L+v and the anti-linear part L−v of Lv by
L+v =
1
2
(Lv − iLiv), L−v = 12(Lv + iLiv)
so that Lv is decomposed as Lv = L+v + L−v . Whereas Lv depends R-linearly on v,
L+v depends C-linearly on v and L−v depends anti-linearly on Lv.
2.3.2. Stress energy tensor.
In this subsubsection we recall the definition of a stress tensor and its basic
properties. See [17, Sections 5.2 5.3, Lecture 7, and Appendix 11] for more details.
The stress tensor for a family of conformal Fock space fields is defined as a pair
of holomorphic and anti-holomorphic quadratic differentials which represent the
Lie derivative operators within correlations of fields in this family. In the physics
literature, special forms of formulas are known as Ward’s identities. The existence
of stress tensor is a remarkable property of certain families of conformal Fock space
fields. For instance, the OPE family we introduce in the next subsection has a
common stress tensor.
A Fock space field X in Dr is said to have a stress tensor (A, A¯) (or X ∈ F(A, A¯))
if A is a holomorphic quadratic differential and the residue form of Ward’s identity
L+v X(z) =
1
2pii
∮
(z)
vAX(z), L−v X(z) = −
1
2pii
∮
(z)
v¯A¯X(z)
holds on Dhol(v)∩U for all smooth vector field v, where Dhol(v) is the the maximal
open set where v is holomorphic. By [17, Proposition 5.8], F(A, A¯) is closed under
∗n product, in particular differentiations. Recall that in the case of differentials or
forms, the residue form of Ward’s identity holds for X if and only if Ward’s OPE for
X holds in some or every chart. For example, a (λ, λ∗)-differential X is in F(A, A¯)
if and only if the following singular OPEs hold in every/some chart:
(2.24) A(ζ)X(z) ∼ λX(z)
(ζ − z)2 +
∂X(z)
ζ − z , A(ζ)X¯(z) ∼
λ∗X¯(z)
(ζ − z)2 +
∂X¯(z)
ζ − z .
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For any form X of order µ belongs to F(A, A¯) if and only if the following singular
OPE holds in every/some chart:
A(ζ)X(z) ∼ µ
(ζ − z)2 +
∂X(z)
ζ − z for a PPS-form X;(2.25)
A(ζ)X(z) ∼ 2µ
(ζ − z)3 +
X(z)
(ζ − z)2 +
∂X(z)
ζ − z for a PS-form X;(2.26)
A(ζ)X(z) ∼ 6µ
(ζ − z)4 +
2X(z)
(ζ − z)2 +
∂X(z)
ζ − z for an S-form X.(2.27)
2.4. Central charge modification.
In this subsection we introduce central charge modifications Φ(b) of GFF, where
real numbers b are the modification parameters related to the central charges c
as c = 1 − 12b2. In the chordal/radial CFT in a simply connected domain with
a marked boundary/interior point q, two neutrality conditions are imposed in the
construction of OPE exponentials. They have Wick’s part and the correlation part;
Wick’s part is Wick’s exponential of the linear combination of bosonic fields and
the correlation part can be expressed in terms of Coulomb gas correlation functions,
see Subsection 2.6 for their definition in a doubly connected domain. We require
that this linear combination of bosonic fields should be a well-defined Fock space
field. This requirement is called a neutrality condition on the coefficients or charges
of linear combination. At the same time, conformal invariance of Coulomb gas
correlation functions in a simply connected domain gives rise to the other neutrality
condition. Because the neutrality conditions are different, we need to place the
background charge at q to reconcile these two neutrality conditions. In a doubly
connected domain (or on a compact Riemann surface of genus one), no background
charges need to placed because background charges have zero sum due to a version of
Gauss-Bonnet theorem and because two different background charge modification
can be converted to each other by means of insertion of the corresponding OPE
exponential.
We express a stress tensor and the Virasoro field of Φ(b) in terms of current fields
J(b) := ∂Φ(b). From now on, the subscript (0) is added to the notation of fields in
the OPE family of the GFF, the algebra over C spanned by 1 and the derivatives
of GFF under OPE multiplication. For instance, Φ(0) is the new notation for the
GFF and J(0) = ∂Φ(0). First, we recall the definition of Virasoro field.
Definition. A Fock space field T is said to be Virasoro field for F(A, A¯) if
• T ∈ F(A, A¯), and
• T −A is a non-random meromorphic Schwarzian form.
The order of Schwarzian form T −A is denoted by 112c, where c is called the central
charge.
For each real parameter b, we define the central charge modifications of GFF
and its current by
(2.28) Φ ≡ Φ(b) := Φ(0) − 2b argw′, J ≡ J(b) := J(0) + ib
w′′
w′
,
where w is a conformal map from Dr onto Cr.
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Proposition 2.2. The field Φ(b) has a stress tensor
A(b) := −
1
2
J(0)  J(0) + (ib∂ − j(b))J(0), j(b) := E[J(b)] = ib
w′′
w′
,
and its Virasoro field is
T(b) = −
1
2
J(b) ∗ J(b) + ib∂J(b)
=

A(b) +
c
12
Sw + (w
′)2
ζr(pi)
2pi
, for ER b.c.
A(b) +
c
12
Sw + (w
′)2
(
ζr(pi)
2pi
− 1
4r
)
, for Dirichlet b.c.
Proof. Since the proof for Dirichlet boundary condition is similar to its counterpart
with ER one, we present the ER part only and leave the Dirichlet one to the reader.
First, we prove the case b = 0. It is obvious that A(0) := −12J(0)  J(0) is
holomorphic quadratic differential. We claim that W = (A(0), A¯(0)) is a stress
tensor for Φ(0). Since Φ(0) is a scalar field or a (0, 0)-differential, by (2.24), all we
need to verify is the following (Ward’s) OPE in the identity chart of cylinder Cr :
(2.29) A(0)(ζ)Φ(0)(z) ∼
J(0)(z)
ζ − z ,
which is clear from (2.22) and Wick’s calculus. We now define the Virasoro field
T(0) of Φ(0) by T(0) := −12J(0) ∗ J(0), equivalently by the following OPE:
(2.30) J(0)(ζ)J(0)(z) = −
1
(ζ − z)2 − 2T(0)(z) + o(1).
Then it follows from (2.23) that
T(0) = A(0) +
1
12
Sw + (w
′)2
ζr(pi)
2pi
.
Now let us prove the general case b 6= 0. It is easy to see that ib∂J(0) and jJ(0)
observe the following transformation rules:
ib∂J(0) = ibh
′′J˜(0) ◦ h+ ib(h′)2∂J˜(0) ◦ h,
jJ(0) = ib
(
h′′
h′
)
h′J˜(0) ◦ h+ (h′)2
(
j˜J˜(0)
)
◦ h,
which imply that A(b) is a holomorphic quadratic differential. Again, we claim that
W = (A(b), A¯(b)) is a stress tensor for Φ(b). Since Φ(b) is the real part of a PPS-form,
by (2.25), it suffices to show the following (Ward’s) OPE in the identity chart of
cylinder Cr :
A(b)(ζ)Φ(b)(z) =
(
A(0)(ζ) +
(
ib∂ − j(b)
)
J(0)(ζ)
)
Φ(b)(z) ∼
ib
(ζ − z)2 +
J(b)(z)
ζ − z .
The above OPE follows from (2.22) – (2.23) and (2.29). Let T(b) = −12J(b) ∗ J(b) +
ib∂J(b). Then by (2.30), we obtain
T(b) = A(0)(z) +
1
12
Sw + (w
′)2
ζr(pi)
2pi
− 1
2
j2(b) + ib∂J(0) + ib∂j(b)
= A(b) +
1− 12b2
12
Sw + (w
′)2
ζr(pi)
2pi
,
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which completes the proof. 
2.5. Formal bosonic fields and neutrality condition.
In this subsection we introduce formal fields and their formal correlation func-
tions. We use them to describe modified multi-vertex fields (OPE exponentials) in
the next subsection.
We first define the bi-variant field Φ+ ≡ Φ+(b) by
Φ+(b)(z, z0) :=
{
Φ+(b)(γ) =
∫
γ
J(b)(ζ)dζ
}
= Φ+(0)(z, z0) + ib log
w′(z)
w′(z0)
,
where γ is a curve from z0 to z and w : Dr → Cr is a conformal map. Note that the
values of Φ+ are multivalued functionals. We define the complex Green’s function
in Dr as
G+Dr(z, z1) =

1
2
log
Θ(r, w(z)− w(z1))
Θ(r, w(z)− w(z1)) , for ER b.c.
1
2
log
Θ˜(r, w(z)− w(z1))
Θ˜(r, w(z)− w(z1))
, for Dirichlet b.c.
Integrating (2.18) over a curve from z0 to z, we obtain
E
[
Φ+(0)(z, z0)Φ(0)(z1)
]
= 2
(
G+Dr(z, z1)−G+Dr(z0, z1)
)
.
Now we introduce formal (1-point) fields Φ±(0) in Dr as centered Gaussian formal
fields with (formal) 2-point correlations:
E
[
Φ+(0)(z1)Φ
+
(0)(z2)
]
=
{
− log Θ (r, w(z1)− w(z2)) for ER b.c.
− log Θ˜ (r, w(z1)− w(z2)) for Dirichlet b.c.
(2.31)
E
[
Φ+(0)(z1)Φ
−
(0)(z2)
]
=
{
+ log Θ(r, w(z1)− w(z2)) for ER b.c.
+ log Θ˜(r, w(z1)− w(z2)) for Dirichlet b.c.
(2.32)
Formal fields Φ±(0) satisfy Φ(0) = Φ
+
(0) + Φ
−
(0) within correlations, e.g.,
E Φ(0)(z1)Φ(0)(z2) = E
(
Φ+(0)(z1) + Φ
−
(0)(z1)
)(
Φ+(0)(z2) + Φ
−
(0)(z2)
)
,
where E in the left-hand side stands for correlation while we use formal correlations
in the right-hand side. We define Φ±(b) by
(2.33) Φ+(b) = Φ
+
(0) + ib logw
′, Φ−(b) = Φ
−
(0) − ib logw′.
By definition, the following formal rule holds:
Φ+(0)(z, z0) = Φ
+
(0)(z)− Φ+(0)(z0).
The formal dual boson Φ˜(0) is defined by
Φ˜(0) = −i
(
Φ+(0) − Φ−(0)
)
, Φ˜(0)(z, z0) = Φ˜(0)(z)− Φ˜(0)(z0),
which implies the following relations hold:
2Φ+(0) = Φ(0) + iΦ˜(0), 2Φ
−
(0) = Φ(0) − iΦ˜(0).
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For a finite set of distinct points {zj}nj=1 in D¯r, let us denote σ =
∑
σj · zj ,
where σj is a “charge” at each zj . We also consider σ as a divisor, i.e., a function
σ : D¯r → R which takes the value 0 at all points except for finitely many points,
and σ(zj) = σj . Sometimes it is convenient to consider σ as an atomic measure
σ =
∑
σj · δzj . For example,
∫
σ =
∑
σj .
For a double divisor (σ,σ∗), we define the formal bosonic field Φ [σ,σ∗] by
(2.34) Φ [σ,σ∗] :=
∑
σjΦ
+(zj)− σ∗jΦ−(zj), Φ± ≡ Φ±(0).
In general, it is not a well-defined Fock space field. The proposition below shows
that the neutrality condition
(2.35)
∫
σ + σ∗ = 0
guarantees well-definedness of Φ[σ,σ∗] as a Fock space field. For example, bi-
variant fields satisfy the neutrality condition.
Proposition 2.3. If a double divisor (σ,σ∗) satisfies (2.35), then the formal
bosonic field Φ[σ,σ∗] can be represented as a linear combination of well-defined
Fock space fields.
Proof. Let us choose any point z0 ∈ Dr. Then
Φ[σ,σ∗] = Φ+(z0)
∫
σ − Φ−(z0)
∫
σ∗ +
∑
σjΦ
+(zj , z0)− σ∗jΦ−(zj , z0).
Under the neutrality condition, the first two terms in the right-hand side becomes
the Fock space correlation functional:
Φ+(z0)
∫
σ − Φ−(z0)
∫
σ∗ = Φ(z0)
∫
σ.

2.6. Coulomb gas correlation function.
In this subsection we construct modified multi-vertex fields and express their
correlation functions. For a fuller treatment of the formalism used in this subsection,
we refer the reader to [18].
Given divisors σ =
∑
σj · zj ,τ =
∑
τk · ζk for zj , ζk ∈ Dr, set
Φ[σ] :=
∑
σj Φ(zj), Φ[τ ] :=
∑
τk Φ(ζk),
where Φ ≡ Φ(0). Define
E Φ[σ] ∗ Φ[τ ] :=
∑
zj 6=ζk
σjτkEΦ(zj)Φ(ζk) +
∑
zj=ζk
σjτkEΦ ∗ Φ(zj).
In particular, set
c [σ] :=
1
2
EΦ[σ] ∗ Φ[σ]
and define the (non-chiral) Coulomb gas correlation function C(b) as
(2.36) C(b) [σ] := e
−c[σ]∏(w′j)−bσj(w′j)bσj ,
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where wj := w(zj). By definition, non-chiral vertex field V(0)[σ] is given as
V(0)[σ] := e∗iΦ[σ] ≡
∞∑
n=0
inΦ∗n[σ]
n!
.
Then it is well-known that
V(0)[σ] = C(0)[σ]V[σ], V[σ] = eiΦ[σ].
For further details, see [18, Section 5].
Let us denote by (σ,σ∗) = (
∑
σj · zj ,
∑
σ∗j · zj) a double divisor satisfying the
neutrality condition (NC0). We define (chiral) Coulomb gas correlation function
C(b)[σ,σ∗] as
Θ′(0)
∑ 1
2(σ
2
j+σ
2
∗j)
∏
Θ(wj − wj)σjσ∗j
∏(
w′j
)λj(w′j)λ∗j
×
∏
j<k
Θ(wj − wk)σjσkΘ(wj − wk)σ∗jσkΘ(wj − wk)σjσ∗kΘ(wj − wk)σ∗jσ∗k ,(2.37)
for ER boundary conditions, where
(2.38) (λj , λ∗j) = (λ(σj), λ(σ∗j)) , λ(x) := x2/2− bx.
The expression of C(b)[σ,σ∗] for CFT with Dirichlet boundary conditions is same
as (2.37) except we substitute all Θ to Θ˜. We remark that the non-chiral Coulomb
gas correlation function is related to chiral one as
C(b) [σ] = C(b)[σ,−σ].
Now we define the multi-vertex field O[σ,σ∗] ≡ O(b)[σ,σ∗] by
(2.39) O(b)[σ,σ∗] := C(b)[σ,σ∗]V [σ,σ∗], V [σ,σ∗] = eiΦ(0)[σ,σ∗].
Then O[σ,σ∗] is a differential with conformal dimension (λj , λ∗j) at zj .
Remark 2.4. We emphasize that in the definition of multi-vertex fields, we assume
that zj ∈ Dr for all j. The extension of definition to the case that zj ∈ ∂Dr is not
straightforward since in the expression (2.37), the term
Θ(wj − w¯j)→ 0 if zj → ∂Dr.
We remark that this term comes from the fact that Φ+ and Φ− are not “orthogo-
nal”, see (2.32). Therefore to define general multi-vertex fields in D¯r, we need to
renormalize the Coulomb gas correlation function. On the other hand, for zj ∈ ∂Dr,
the multi-vertex fields are naturally defined if σjσ∗j = 0, e.g., σ∗ = 0.
Proposition 2.5. Under the neutrality condition, O(z) = O[σ,σ∗](z) satisfies
Ward’s OPE: as ζ → zj,
T (ζ)O(z) ∼ λj O(z)
(ζ − zj)2 +
∂jO(z)
ζ − zj , T (ζ)O(z) ∼ λ¯∗j
O(z)
(ζ − zj)2 +
∂jO(z)
ζ − zj .
Proof. We present the proof for ER boundary condition. Since vertex fields are
differentials, it is enough to prove the proposition in the identity chart. Recall that
in the identity chart,
J(b) = J(0), T(b) = −
1
2
J(0)  J(0) + ib ∂J(0) +
ζr(pi)
2pi
.
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First, let us show the Ward’s OPE in the case b = 0. Let us denote
F ≡ F (ζ, z) :=EJ(0)(ζ)
∑
j
(
iσjΦ
+
(0)(zj)− iσ∗jΦ−(0)(zj)
)
=− i
2
∑
j
(σjH(r, ζ − zj) + σ∗jH(r, ζ − z¯j)) .
Then by Wick’s formula, we obtain
T(0)(ζ)O(z) = T(0)(ζ)O(z)− FJ(0)(ζ)O(z)−
1
2
F 2O(z).
Note that while the first term T(0)(ζ)  O(z) is regular, the second term has the
following singular part: as ζ → zj ,
FJ(0)(ζ)O(z) ∼ −iσj
J(0)(zj)O(z)
ζ − zj .
Also notice that as ζ → zj , −F 2O(z) has the singular part
σ2j
O(z)
(ζ − zj)2 +
σjσ∗jH(zj − z¯j) +∑
k 6=j
σjσkH(zj − zk) + σjσ∗kH(zj − z¯k)
 O(z)
ζ − zj .
This gives our assertion in the case b = 0. In the general case, we only need to check
ib∂J(0)(ζ)O(z) ∼ −σjb
O(z)
(ζ − zj)2 , as ζ → zj .
Again, this straightforwardly follows from Wick’s calculus, which completes the
proof. We leave it to the reader to verify the proposition for O and Dirichlet
boundary conditions. 
3. Eguchi-Ooguri equations and Ward’s equation in the annulus
In [8], Eguchi and Ooguri stated Ward’s equation for tensor product X of pri-
mary fields (differentials in the OPE family) on a complex torus of genus one in
terms of linear partial differential operators of first order with respect to the nodes
of fields and with respect to the modular parameter τ. They explained the so-called
Teichmu¨ller term ∂τEX by means of the Virasoro generator L0, the zeroth mode
of the Virasoro field. In this section, we derive Ward’s equation in the annulus
not from Eguchi and Ooguri’s physical argument but from some basic identities in
function theory.
3.1. Ward’s functional and Ward’s identities.
We now introduce global Ward’s functional and present the relation between a
stress tensor and Ward’s functional.
Let W = (A, A¯) be a stress tensor for F(b). By Proposition 2.2, it is easy to see
that A = A(b) is continuous and real on the boundary. For a given open set U ⊂ Dr
and a smooth vector field v in U which is continuous up to the boundary, Ward’s
functionals W±(v;U) are defined by
W+(v;U) =
1
2pii
∫
∂U
vA− 1
pi
∫ ∫
U
(∂¯v)A, W−(v;U) = W+(v;U).
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We also write W (v;U) := 2ReW+(v;U). Then for any Fock space functional X
with nodes in Dr, E[W
+(v;U)X ] is a well-defined correlation function in Dhol(v).
We will frequently use the following proposition. See [17, Propositions 5.3 and
5.10] for more details. The last equations in the following proposition are known
as Ward’s identities.
Proposition 3.1. The following statements are equivalent:
• Ward’s OPE holds for a Fock space field X;
• The residue form of Ward’s identity for X
LvX(z) = 1
2pii
∮
(z)
vAX(z)− 1
2pii
∮
(z)
vA¯X(z)
holds on Dhol(v) ∩ U for all smooth vector field v;
• For all z ∈ Dhol(v),
E[YL(v, U)X(z)] = E[YW (v, U)X(z)]
holds for all Fock space functionals Y with nodes outside supp(v).
We remark that the definition of Ward’s functionals can be extended to mero-
morphic vector fields. For a meromorphic vector field v with poles {pk} in Dr, we
define
W+(v) = W+(v;Dr) := lim
ε→0
W+(v;Dεr),
where Dεr = Dr \
⋃
k B(pk, ε). Thus, we have
W+(v) = W+(v;Dr) =
1
2pii
∫
∂Dr
vA− 1
pi
∫ ∫
Dr
(∂¯v)A,
with the interpretation of ∂¯v in the sense of distributions.
Proposition 3.2. In the identity chart idC¯r ,
2A(ζ) = W+(vζ) +W
−(vζ¯) +
1
pi
∫
[−pi+ir,pi+ir]
A(ξ)dξ,
where (vζ‖idC¯r)(z) = H(r, ζ − z).
Proof. Recall that A = A(b) ≡ A(0) + (ib∂ − j(b))J(0) is a holomorphic quadratic
differential in Cr, and real on the boundary. For ζ ∈ Cr, the reflected vector field v]ζ
is defined by
v]ζ(z) := vζ(z¯) = vζ¯(z).
Since vζ is meromorphic on Cr with poles at {ζ + 2pim + 2irn : m,n ∈ Z}, the
reflected vector field v]ζ is holomorphic on Cr. Then by definition,
W+(vζ) = − 1
pi
∫
Cr
(∂¯vζ)A+
1
2pii
∫
∂Cr
vζA, W
+(v]ζ) =
1
2pii
∫
∂Cr
v]ζA.
Also, since A = A¯ on ∂Cr, we have
W−(vζ¯) = W+(v
]
ζ) =
1
2pii
∫
∂Cr
vζ¯(ξ)A(ξ)dξ = −
1
2pii
∫
∂Cr
vζ(ξ)A(ξ)dξ.
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Then by the facts ∂¯vζ = −2piδζ , and H(r, z + 2ir) = H(r, z)− 2i, we have
W+(vζ) +W
−(vζ¯) = −
1
pi
∫
Cr
(∂¯vζ)A− 1
pi
∫
[−pi+ir,pi+ir]
A(ξ)dξ
= 2A(ζ)− 1
pi
∫
[−pi+ir,pi+ir]
A(ξ)dξ.
Proposition now follows. 
3.2. Eguchi-Ooguri equations.
We now state and prove a version of Eguchi-Ooguri equations in the annulus.
Lemma 3.3. For any X ∈ F(b), in the Cr-uniformization,
(3.1)
1
pi
∮
[−pi+ir,pi+ir]
E [A(ζ)X ] dζ = ∂rE [X ] .
Proof. We prove lemma for ER boundary condition and the proof for Dirichlet one
is left to the reader.
Let us denote by W the family of Fock space fields satisfying (3.1). We show
F(b) ⊂ W through the following steps.
Claim 1. Tensor product of two GFFs is contained in W.
Claim 2. All tensor products of GFFs and their derivatives are contained in W.
Claim 3. W is closed under linear combinations over C and OPE products ∗n.
Proof of Claim 1. Let us denote A ≡ A(b), Φ ≡ Φ(b). Recall that in the identity
chart idCr , A = −12J(0)  J(0) + ib∂J(0), and Φ = Φ(0). Since ∂J is exact, by the
fundamental theorem of calculus, and the fact that all lifted correlation functions
are 2pi periodic, it suffices to show the case b = 0.
Of course, there is nothing to prove for X = Φ(z). For X = Φ(z1)Φ(z2), by
(2.16) and the fact ∂r log Θ = H
′/2 +H2/4, we have
∂rE [Φ(z1)Φ(z2)] =− I(z1, z2) + I(z¯1, z2) + I(z1, z¯2)− I(z¯1, z¯2),
where I(z, w) := H ′(z−w)/2+H2(z−w)/4. On the other hand, by Wick’s calculus
and (2.18), we have
E[A(ζ)Φ(z1)Φ(z2)] = −IIz1,z2(ζ) + IIz¯1,z2(ζ) + IIz1,z¯2(ζ)− IIz¯1,z¯2(ζ),
where IIz,w(ζ) := H(ζ−z)H(ζ−w)/4. Note that by (2.14), IIz,w(ζ) can be rewritten
as
IIz,w(ζ) =
1
2
I(z, w) +
1
4
IIIz,w(ζ) +
1
8
H2(ζ − z) + 1
8
H2(ζ − w) + 3ζr(pi)
2pi
,
where
IIIz,w(ζ) = H
′(ζ − z) +H ′(ζ − w) + (H(ζ − w)−H(ζ − z))H(w − z).
Combining all above, we obtain
E[A(ζ)Φ(z1)Φ(z2)] =
1
2
∂rE [Φ(z1)Φ(z2)]
− 1
4
(IIIz1,z2(ζ)− IIIz¯1,z2(ζ)− IIIz1,z¯2(ζ) + IIIz¯1,z¯2(ζ)) .
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Finally, observe that by (2.3) and (2.6), we have∮
[−pi+ir,pi+ir]
IIIz,w(ζ)dζ ≡ 0,
which establishes the formula (3.1) for X = Φ(z1)Φ(z2).
Proof of Claim 2. Again, there is nothing to prove for X = Φ(z1) · · ·Φ(z2n−1).
Therefore it is enough to show (3.1) for X = Φ(z1) · · ·Φ(z2n). For j 6= k, let us
denote
Xjk = Φ(z1) · · ·Φ(zk−1)Φ(zk+1) · · ·Φ(zj−1)Φ(zj+1) · · ·Φ(z2n).
Then by Wick’s formula and an induction argument, we have
1
pi
∫
E [A(ζ)Φ(z1) · · ·Φ(z2n)] dζ = 1
pi
∫ ∑
j 6=k
E [A(ζ)Φ(zj)Φ(zk)] E[Xjk]dζ
=
∑
j 6=k
∂rE[Φ(zj)Φ(zk)]E[Xjk].
On the other hand, by (2.17) and Leibniz’s rule, we express the left-hand side of
(3.1) as
∂rE [Φ(z1) · · ·Φ(z2n)] = ∂r
∑∏
k
E [Φ(zik)Φ(zjk)]
=
∑(∏
k
E [Φ(zik)Φ(zjk)]
)(∑
k
∂rE [Φ(zik)Φ(zjk)]
E [Φ(zik)Φ(zjk)]
)
,
where the outer sum is taken over all partitions of the set {1, · · · , 2n} into disjoint
pairs {il, jl}. Rearranging the terms, we rewrite the above identity as
∂rE [Φ(z1) · · ·Φ(z2n)] =
∑
j 6=k
(
∂rE[Φ(zj)Φ(zk)]
)(∑∏
l
E [Φ(zil)Φ(zjl)]
)
,
where the sum is over all partitions of the set {1, · · · , 2n} \ {j, k} into disjoint
pairs {ik, jk}. Therefore again, by (2.17), we have (3.1) for X = Φ(z1) · · ·Φ(z2n).
Differentiating term by term, we complete the proof of Claim 2.
Proof of Claim 3. The first part of this claim is obvious. For the second part, we
consider the case that the field X is holomorphic. The other cases can be treated
in a similar way. Suppose that we have the following OPE
X(ζ)Y (z) =
∑
Cn(z)(ζ − z)n, ζ → z.
If both X and Y are in W, then the term by term integration gives
1
pi
∫
[−pi+ir,pi+ir]
E[A(ξ)X(ζ)Y (z)]dξ =
∑
n
(
1
pi
∫
[−pi+ir,pi+ir]
E[A(ξ)Cn(z)]dξ
)
(ζ−z)n
as ζ → z. On the other hand, differentiating term by term, we have
∂rE[X(ζ)Y (z)] =
∑
∂rE[Cn(z)](ζ − z)n.
Therefore, by comparing the coefficients of the two expansions above, we conclude
Cn ∈ W. 
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3.3. Ward’s equations.
In this subsection, we derive Ward’s equations (Theorem A) in terms of a stress
tensor, Lie derivative operator and the modular parameter. Later, we combine
these equations with the level two degeneracy equations for the one-leg operator
to derive BPZ-Cardy equations, which reveal the relation between CFT and SLE
theory.
Proof of Theorem A. Let us choose v(z) = vζ(z) = H(r, ζ − z) with ζ ∈ Cr. By
Proposition 3.2, Eguchi-Ooguri equations (Lemma 3.3), and Ward’s identities (see
Proposition 3.1), we obtain
2E [A(ζ)X ] = E [W+(vζ)X ]+ E [W−(vζ¯)X ]+ ∂rE [X ]
=
(
L+vζ + L−vζ¯
)
E [X ] + ∂rE [X ] ,
which completes the proof. 
As a corollary of Theorem A, we derive the following form of Ward’s equations.
Corollary 3.4. For a holomorphic differential Y ∈ F(b) with conformal dimension
h, and X = X1 · · ·Xn, (Xi ∈ F(b)), we have
2E[A ∗ Y (z)X] = E[Y (z)L+vzX] + L−vz¯E[Y (z)X] +
(
2h
ζr(pi)
pi
+ ∂r
)
E[Y (z)X],
where all fields are evaluated in the identity chart of Cr.
Proof. By Ward’s OPE, we have the following singular part of the operator product
expansion:
Singζ→z A(ζ)Y (z)X =
h
(ζ − z)2Y (z)X +
∂z
ζ − zY (z)X.
On the other hand, by Theorem A, we have
2E [A(ζ)Y (z)X] =
(
hv′ζ(z) + vζ(z)∂z + ∂r
)
E [Y (z)X]
+E
[
Y (z)L+vζX
]
+ L−vζ¯E[Y (z)X].
Subtracting the singular part from the both sides of the above and then taking the
limit as ζ → z, we obtain
2E[A ∗ Y (z)X] =E [Y (z)L+vzX]+ L−vz¯E [Y (z)X] + ∂rE [Y (z)X]
+ lim
ζ→z
{
hv′ζ(z)−
2h
(ζ − z)2 +
(
vζ(z)− 2
ζ − z
)
∂z
}
E[Y (z)X].
Corollary now follows from the asymptotic behavior (2.12) of the Loewner vector
field vζ(z) = H(r, ζ − z). 
4. Annulus SLE martingale-observables
In this section, we discuss the relation between CFT and SLE in a doubly con-
nected domain. In the first subsection, we define the one-leg operator Ψβ associated
with a given divisor β satisfying certain neutrality condition and explain its imple-
mentation as a boundary condition changing operator. In Subsection 4.2, we show
a version of BPZ-Cardy type equation to prove Theorem B. In the last subsection,
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we present an integral representation of (chordal type) annulus SLE partition func-
tions introduced by Lawler and Zhan to construct the martingale-observables for
SLE(κ,Λ) associated with them.
4.1. One-leg operator Ψβ.
In this subsection we introduce the one-leg operator Ψβ, which is a specific form
of the OPE exponential, set to satisfy level two degeneracy equation.
By definition, for n ∈ Z, Virasoro and current generators Ln, Jn are given as
Ln(z) :=
1
2pii
∮
(z)
(ζ − z)n+1T (ζ)dζ, Jn(z) := 1
2pii
∮
(z)
(ζ − z)nJ(ζ)dζ,
respectively. First, let us recall the following proposition.
Proposition 4.1 (Cf. Proposition 7.5 [17]). Let X be a Fock space field. Then any
two of the following assertions imply the third one:
• X belongs to F(A, A¯);
• X is a [λ, λ∗]-differential;
• LnX = 0 for all n ≥ 1, L0X = λX,L−1X = ∂X, and similar equations
hold for X¯.
Any field satisfying all conditions in the previous proposition is called a (Vira-
soro) primary field in F(A, A¯). By definition, a Virasoro primary field X is called
current primary if JnX = JnX¯ = 0 for all n ≥ 1 and J0X = −iqX, J0X¯ = iq∗X¯
for some numbers q and q∗, which are called charges. One of the main ingredients
to connect CFT with SLE theory is the following level two degeneracy equation.
Proposition 4.2 (Cf. Proposition 11.2 [17]). For a current primary field V with
charges q,q∗ in F(b), we have
L−2V =
1
2q2
L2−1V
provided 2q(b+ q) = 1.
Suppose that the real parameters a and b are related to the SLE parameter κ as
a =
√
2/κ, b = a(κ/4− 1).
In the sequel, we sometimes use the following Kac labeling of the conformal weights
or dimensions:
hr,s =
(rκ− 4s)2 − (κ− 4)2
16κ
.
For a divisor β =
∑N
j=1 βj ·zj , we define the one-leg operator Ψβ associated with
β as
(4.1) Ψβ ≡ Ψβ(z, z) :=

O
[
a · z + β
2
,
β
2
]
for ER b.c.,
O
[
a · z + β, 0
]
for Dirichlet b.c.
For the well-definedness, we require that the divisor β satisfies the neutrality con-
dition (2.35), i.e.,
(4.2) a+
∫
β = 0.
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Note that by (2.38), conformal dimensions of Ψβ with respect to z and zj are given
by
(4.3) hz =
6− κ
2κ
= h1,2, hj =

β2j
8
− βjb
2
for ER b.c.,
β2j
2
− βjb for Dirichlet b.c.,
and h∗j = hj for ER boundary condition, whereas h∗j = 0 for Dirichlet one. By
(2.37), the evaluation of EΨβ in the identity chart of the cylinder Cr is given as
EΨβ = Θ
′(0)
a2
2
+
∑ β2j
4
∏
j
(
Θ(z − zj)Θ(z − z¯j)
)aβj
2
Θ(zj − z¯j)
β2j
4
×
∏
j<k
(
Θ(zj − zk)Θ(z¯j − zk)Θ(zj − z¯k)Θ(z¯j − z¯k)
)βjβk
4
(4.4)
for ER boundary condition and
EΨβ = Θ
′(0)
a2
2
+
∑ β2j
2
∏
j
Θ˜(z − zj)aβj
∏
j<k
Θ˜(zj − zk)βjβk(4.5)
for Dirichlet boundary condition.
We call
Zβ ≡ Zβ(z, z) := EΨβ(z, z)
the partition function associated with β and set
Λβ ≡ Λβ(z, z) := κ∂z logZβ.
By (4.4), and (4.5), Λβ is given as
(4.6) Λβ =

√
κ
2
N∑
j=1
βj
2
{
H(r, z − zj) +H(r, z − z¯j)
}
for ER b.c.;
√
κ
2
N∑
j=1
βjH˜(r, z − zj) for Dirichlet b.c.
Now we derive the level two degeneracy equation for Ψβ. Notice that Ψβ is a
Virasoro primary field.
Lemma 4.3. The one-leg operator Ψ(z) ≡ Ψβ(z) = Ψβ(z, z) is a current primary
field with charges q = a, q∗ = 0 at z, i.e.,
J0Ψ = −iaΨ, J0Ψ = 0, JnΨ = JnΨ = 0 (n ≥ 1).
Proof. We prove the ER case only. The Dirichlet case can be proved in a similar
way. To show above equations, it is enough to show that as ζ → z,
J(0)(ζ)Ψ ∼ −ia
Ψ
ζ − z , J(0)(ζ)Ψ ∼ 0
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holds in the identity chart. By Wick’s formula, we have
J(0)(ζ)Ψ = J(0)(ζ)Ψ + iaE
[
J(0)(ζ)Φ
+
(0)(z)
]
Ψ−
∑ βj
2
E
[
J(0)(ζ)Φ˜(0)(zj)
]
Ψ,
J(0)(ζ)Ψ = J(0)(ζ)Ψ + iaE
[
J(0)(ζ)Φ
−
(0)(z)
]
Ψ +
∑ βj
2
E
[
J(0)(ζ)Φ˜(0)(zj)
]
Ψ.
Now, lemma follows from (2.31) and (2.12). 
By Proposition 4.2, we immediately obtain the following level two degeneracy
equation of Ψ ≡ Ψβ.
Proposition 4.4. If 2a(a+ b) = 1, then
T ∗z Ψ(z, z) = 1
2a2
∂2zΨ(z, z).
Now we show the following BPZ-type equation.
Proposition 4.5. For any X ∈ F(b) with nodes outsides SΨ, we have
1
a2
∂2zE [ΨX ] = L+vzE[ΨX ] + L−vz¯E[ΨX ] +
(
6
κ
ζr(pi)
pi
+ ∂r
)
E[ΨX ]
for ER boundary condition, and
1
a2
∂2zE [ΨX ] = LvzE[ΨX ] +
(
6
κ
ζr(pi)
pi
− 1
2r
+ ∂r
)
E[ΨX ]
for Dirichlet boundary conditions, where all fields are evaluated in the identity chart
of Cr. Here, Lie derivative Lvz does not apply to z.
Proof. By Proposition 4.4, we have
1
a2
∂2zEΨX = 2E
[
∂2zΨ
2a2
X
]
= 2E [(T ∗z Ψ)X ] ,
which allows us to apply Corollary 3.4. Thus, we obtain
2E [(T ∗z Ψ)X ] = 2E [(A ∗z Ψ)X ] + 2E[T ] E[ΨX ]
= L+vzE[ΨX ] + L−vz¯E[ΨX ] +
{
2h1,2
ζr(pi)
pi
+ 2E[T ] + ∂r
}
E[ΨX ].
Now proposition follows from Proposition 2.2. 
Given marked boundary points p ∈ R and q1, · · · , qN ∈ ∂Cr, set β =
∑
βj · qj
satisfying (4.2). By abuse of notation, for zj ∈ Cr, we sometimes use the same
symbol β for
∑
βj ·zj . As we explained in Remark 2.4, for ER boundary condition,
a renormalization procedure is required to define Ψβ. On the other hand, one can
define Zβ = EΨβ as a differential with conformal h1,2 at p and with conformal
dimension (β2j /4− βjb/2, β2j /4− βjb/2) at qj . Its evaluation in the identity chart
of Cr is given by (up to multiplicative constant)
Zβ(p, q) =
∏
j
∣∣∣Θ(p− qj)∣∣∣aβj ∏
j<k
∣∣∣Θ(qj − qk)Θ(qj − q¯k)∣∣∣βjβk2 .
For Dirichlet boundary condition, Λβ(ξ, q) is defined as
Λβ(ξ, q) := κ
∂ξZβ(ξ, q)
Zβ(ξ, q)
.
ANNULUS SLE PARTITION FUNCTIONS AND MARTINGALE-OBSERVABLES 27
For ER boundary condition, we need a renormalization procedure. In the cylinder
Cr, Λβ(ξ, q) is represented as
(4.7)

√
κ
2
∑
ql∈R
βlH(r, ξ − ql) +
∑
qm∈Rr
βmHI(r, ξ − Re qm)
 for ER b.c.
√
κ
2
N∑
j=1
βjH˜(r, ξ − qj) for Dirichlet b.c.
It is easy to see that Λβ(ξ, q) is real-valued.
We now discuss how the one-leg operator Ψβ acts on Fock space fields in Dr
as a boundary condition changing operator. From now on, we write wz = w(z),
wp := w(p) and wj := w(qj) for a conformal transformation w : Dr → Cr. The
insertion of field Ψβ/EΨβ produces an operator X 7→ X̂ on Fock space fields. It is
given by
∂X 7→ ∂X̂ , ∂¯X 7→ ∂¯X̂ , αX + βY 7→ αX̂ + βŶ, X  Y 7→ X̂  Ŷ
and by the formula:
Φ̂(z) = Φ(z) + 2a arg Θ(wp − wz) +
∑
βj arg
{
Θ(wj − wz)Θ(w¯j − wz)
}
for ER boundary conditions and
Φ̂(z) = Φ(z) + 2a arg Θ˜(wp − wz) + 2
∑
βj arg Θ˜(wj − wz)
for Dirichlet boundary conditions. When κ = 4, this insertion procedure produces
specific height gap of GFF and gives rise to the coupling of GFF and SLE(4,Λ).
For instance, in [11], Hagendorf, Bernard and Bauer studied coupling of GFF with
Dirichlet boundary condition and SLE(4,Λ) with one force point q using the one-leg
operator Ψ ≡ O[a ·p−a ·q,0]. In the case of multiple force points, the (multivalued)
harmonic function ϕ̂ := EΦ̂ in C¯r \{p, q1, · · · , qN} has piecewise Dirichlet boundary
conditions having additional jump of 2pia at p and 2piβj at qj ’s. Due to the neutrality
condition, we require that all jumps should add up to 0. This type of boundary
condition of GFF was studied by Izyurov and Kyto¨la¨, see [13].
As in Subsection 1.3, we let
Ê[X ] =

E
[
e
iaΦ+
(0)
(p)−∑ βj
2
Φ˜(0)(qj)X
]
for ER b.c.
E
[
e
iaΦ+
(0)
(p)+i
∑
βjΦ
+
(0)
(qj)X
]
for Dirichlet b.c.
Then as in the simply connected case, it is easy to check that, for all X ∈ F(b), we
have
Ê[X ] = E[X̂ ].
Examples. Let w be the conformal mapping from Dr onto Cr.
• The current field Ĵ is a PS-form of order ib. We have
Ĵ(z) = J(z) +
iaw′z
2
H(wp − wz) + iw
′
z
4
∑
βj
{
H(wj − wz) +H(w¯j − wz)
}
for ER boundary conditions and
Ĵ(z) = J(z) +
iaw′z
2
H˜(wp − wz) + iw
′
z
2
∑
βjH˜(wj − wz)
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for Dirichlet boundary conditions.
• The Virasoro field T̂ is an S-form of order c/12. We have
T̂ (z) = −1
2
Ĵ ∗ Ĵ + ib∂Ĵ
= T − (̂− )J(0) −
1
2
(
̂2 − 2)+ ib∂ (̂− )
= A(0) − ̂J(0) + ib∂J(0) +
c
12
Sw + (w
′
z)
2ET − 1
2
(
̂2 − 2)+ ib∂(̂− ),
where  := EJ and ̂ := EĴ .
4.2. BPZ-Cardy equations.
In this subsection, we prove BPZ-Cardy type equation, which is a key ingredient
to connect CFT with SLE theory and present the proof of Theorem B.
Fix marked boundary points q1, · · · , qN , and a marked point p = ξ on the outer
boundary. Recall the definitions
Zβ(z, z) := EΨβ(z, z), Λβ(z, z) := κ∂z logZβ(z, z).
For a Fock space functional X whose nodes do not intersect marked boundary
points, set
Rz := Êz[X ] := E[Ψβ(z, z)X ]
Zβ(z, z)
,
and
Rξ := Êξ[X ] =

E
[
e
iaΦ+
(0)
(ξ)−∑ βj
2
Φ˜(0)(qj)X
]
, for ER b.c.
E
[
e
iaΦ+
(0)
(ξ)+i
∑
βjΦ
+
(0)
(qj)X
]
, for Dirichlet b.c.
Let us denote Lˇvz := Lvz(D¯r \ ({z} ∪ SΨ)), i.e., LˇvzΨY (z)X := ΨY (z)LˇvzX if the
nodes of X do not intersect z and SΨ.
Now we prove the following BPZ-Cardy equation.
Proposition 4.6. For any X ∈ F(b), in the Cr-uniformization, we have
1
a2
∂2ξRξ + Λβ(ξ, q)∂ξRξ = LˇvξRξ +
( N∑
j=1
vξ(qj)∂qj + v¯ξ(qj)∂¯qj
)
Rξ + ∂rRξ,
for ER boundary conditions and
1
a2
∂2ξRξ + Λβ(ξ, q)∂ξRξ = LˇvξRξ +
( N∑
j=1
vξ(qj)∂qj
)
Rξ + ∂rRξ,
for Dirichlet boundary conditions. Here ∂ξ = ∂+ ∂¯ is the operator of differentiation
with respect to the real variable ξ whereas ∂qj denotes the one with respect to the
complex variable qj.
Proof. We prove the proposition for ER boundary condition only. The minor
changes are needed for Dirichlet boundary condition.
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Let ζ = SX . Since Ψβ(z, z) is a holomorphic differential with respect to z, we
rewrite Proposition 4.5 as
1
a2
∂2z
(
RzZβ(z, z)
)
=
(L+vz + L−vz¯) (ζ, z)(RzZβ(z, z))
+
(
6
κ
ζr(pi)
pi
+ ∂r
)
RzZβ(z, z).
By applying the trivial string X ≡ 1 to above, we have
1
a2
∂2zZβ(z, z) =
(
L+vz0 + L
−
vz¯0
)
Zβ(z, z) +
(
6
κ
ζr(pi)
pi
+ ∂r
)
Zβ(z, z).
Subtracting above two equations, we obtain
1
a2
∂2zRz + Λβ(z, z)∂zRz =
(L+vz + L−vz¯) (ζ, z)Rz + ∂rRz.
Now let’s take the limit z → ξ and zj → qj . Then, by the facts that ∂ξ = ∂+ ∂¯, we
obtain
1
a2
∂2ξRξ + Λβ(ξ, q)∂ξRξ = Lvξ(ζ)Rξ + Lvξ(q)Rξ + ∂rRξ.
Now proposition follows from the fact Rξ is a scalar field with respect to each qj . 
Now we prove one of our main theorems.
Proof of Theorem B. Let us denote Rξ = Êξ[X ]. Then
Mt = m
(
r − t, ξt, g˜t(q)
)
, m(r, ξ, q, t) =
(
R(r, ξ, q)
∥∥g˜−1t ).
Hence, by Itoˆ’s formula, we have
dMt = −∂rmdt+ ∂ξmdξt + ∂2ξm
d〈ξ〉t
2
+
(
LtR‖g˜t−1
)
dt
+
N∑
j=1
[
∂qjmdqj(t) + ∂¯qjmdqj(t)
]
,
where
Lt :=
d
ds
∣∣∣∣
s=0
(
R
(
r − t, ξt, g˜t(q)
)∥∥g˜−1t+s) .
Let fs,t = g˜
−1
t+s ◦ g˜−1t . Then since the time-dependent flow fs,t satisfies the ODE
d
ds
fs,t = −vξt+sfs,t, vξ(z) = H(r, ξ − z),
we obtain
fs,t = id− s vξt + o(s).
From the fact that the fields in F(b) depends smoothly on local charts, it follows
Lt = −
(
LˇvξtRξ
∥∥g˜−1t ) .
By the Loewner’s equation dqj(t) = −vξt(qj(t)), the drift term of dMt is
−∂rm+ Λ∂ξm+ κ
2
∂2ξm−
(
LˇvξtRξ
∥∥g˜−1t )− N∑
j=1
[
vξt(qj(t))∂qjm+ vξt(qj(t))∂¯qjm
]
.
Theorem now follows from Proposition 4.6. 
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Example. The simplest examples of SLE martingale-observables are the 1-point
function M(z) and the 2-point function N(z1, z2) of the bosonic field Φ̂(b). Of course
this is a direct consequence of Theorem B. One can directly show that Mt and Nt
are local martingales by Itoˆ formula and the pseudo-addition theorem for the zeta
function (2.14). In the ER boundary case, for all κ,
dMt(z) = −
√
2 ImH
(
wt(z)
)
+
(
a+
∑
βj
)(H2
2
+H ′
)(
wt(z)
)
.
Due to the neutrality condition (4.2), Mt is driftless. For the 2-point function,
dNt(z1, z2) is expressed as
−
√
2
(
Mt(z1)ImH(r − t, wt(z2)) +Mt(z2)ImH(r − t, wt(z1))
)
dBt
+
(
a+
∑
βj
){
Mt(z1)
(
H2
2
+H ′
)
(wt(z2)) +Mt(z2)
(
H2
2
+H ′
)
(wt(z1))
}
dt,
so the drifts disappear due to the neutrality condition again. The Dirichlet bound-
ary case can be shown similarly. In [13], Izyurov and Kyto¨la¨ studied these types of
martingale-observables with Dirichlet boundary condition.
4.3. Lawler and Zhan’s annulus SLE partition function.
In this subsection, we use the method of screening to find a solution to the
null-vector equation
(4.8) ∂rZ =
κ
2
Z ′′ +HZ ′ +
(
3
κ
− 1
2
)
H ′Z + C(r)Z
for the chordal type annulus partition function and prove Theorem C.
4.3.1. The null vector equations. Throughout this subsection, we only consider the
case that all marked boundary points p, q1, · · · , qN are on the outer boundary com-
ponent. In what follows, we use the symbol Ψβ for the one-leg operator of the
form
Ψβ ≡ Ψβ(p, q) := O[a · p+ β, 0], β =
N∑
j=1
βj · qj
for both boundary conditions. Let Zβ ≡ Zβ(r, p, q) := EΨβ. By (2.37), in the
identity chart of Cr, we have
(4.9) Zβ =

Cβ
∏
j
Θ(r, p− qj)aβj
∏
j<k
Θ(r, qj − qk)βjβk , for ER b.c.
Cβ
∏
j
Θ˜(r, p− qj)aβj
∏
j<k
Θ˜(r, qj − qk)βjβk , for Dirichlet b.c.
where
Cβ = Θ
′(r, 0)
a2
2
+
∑ β2j
2 .
We write λp, λj the (holomorphic) conformal dimension of Ψβ with respect to p
and qj ’s. By (2.38), we have
(4.10) λp =
6− κ
2κ
, λj =
β2j
2
− βjb.
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We remark that as r →∞, the following holds:
lim
r→∞ e
r/4Θ(r, x) = 2 sin
x
2
, lim
r→∞ e
r/4Θ′(r, 0) = 1,
see e.g., [2, pp.65-69]. Therefore by the neutrality condition (4.2), we have (up to
a multiplicative constant)
(4.11) Z∞(p, q) := lim
r→∞Zβ(r, p, q) =
∏
j
sinaβj
(p− qj
2
)∏
j<k
sinβjβk
(qj − qk
2
)
for both boundary conditions.
First we obtain the null-vector equation for the partition function Zβ as a con-
sequence of Proposition 4.5. Here and subsequently, ∂ and ′ stands for the differ-
entiation with respect to p.
Lemma 4.7. The partition function Zβ ≡ Zβ(r, p, q) satisfies following partial
differential equations:
∂rZβ =
κ
2
∂2Zβ +
 N∑
j=1
λjH
′(p− qj)
Zβ − N∑
j=1
H(p− qj)∂qjZβ + C(r)Zβ,
where
(4.12) C(r) =

−6
κ
ζr(pi)
pi
for ER b.c.
−6
κ
ζr(pi)
pi
+
1
2r
for Dirichlet b.c.
Proof. By applying trivial string X ≡ 1 to Proposition 4.5, we have
∂rZβ =
κ
2
∂2Zβ − L+vpZβ + C(r)Zβ,
where vp(z) = H(r, p − z). Now lemma follows from (4.10) and the fact that
L+vpZ˜ =
∑
(vp(qj)∂qj + λjv
′
p(qj))Z˜. 
Example. Let us consider the case that there are two marked points p, q ∈ R. Set
Ψ∗(p, q) ≡ O[a · p− a · q,0].
By (4.9), we have
(4.13) Z∗(r, p, q) ≡ EΨ∗(p, q) =
Θ
′(r, 0)
1
2 Θ(r, p− q)− 12 for ER b.c.
Θ′(r, 0)
1
2 Θ˜(r, p− q)− 12 , for Dirichlet b.c.
Note that (4.13) implies ∂qZ∗ = −Z ′∗. Also by (4.10), the conformal dimension
with respect to q is given as
λq =
a2
2
+ ab =
1
2
− 1
κ
.
Therefore by Lemma 4.7, Z∗(r, p, q) satisfies
∂rZ∗ =
κ
2
Z ′′∗ +HZ
′
∗ +
(1
2
− 1
κ
)
H ′Z∗ + C(r)Z∗.
We emphasize that these null-vector equations become (4.8) if and only if κ = 4.
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4.3.2. Screening. We now find explicit solutions of (4.8) for general κ > 0 by means
of screening, which is well-known method in CFT to find solutions of the Knizhnik-
Zamolodchikov type equations, see e.g. [9, 26]. In general, this method is useful
in the theory of multiple SLEs introduced by Dube´dat, see [7]. For instance, in
[6], Dube´dat found Euler type integral representation for the partition function of
multiple SLEs in a simply connected domain. Lenells and Viklund utilized the
idea of screening to find the explicit formula of Green’s function for multiple SLEs,
see [14].
We now focus on the SLE(κ,Λ) starting from p with one force point q. For
p, q ∈ R and ζ ∈ C, set
(4.14) Ψ](p, q, ζ) := O [a · p+ a · q − 2a · ζ, 0] , Z] = EΨ].
Then Ψ] has the same conformal dimensions both at p, q and it is a (1, 0)-differential
with respect to the screening variable ζ, i.e.,
(4.15) λp = λq =
6− κ
2κ
, λζ = 1.
By (4.9), we have
(4.16) Z] =
Θ
′(0)
6
κΘ(p− q) 2κΘ(p− ζ)− 4κΘ(ζ − q)− 4κ for ER b.c.
Θ′(0)
6
κ Θ˜(p− q) 2κ Θ˜(p− ζ)− 4κ Θ˜(ζ − q)− 4κ for Dirichlet b.c.
For generic κ (4/κ /∈ N), we need to specify a principal branch (as a function of ζ)
in the expression (4.16). In what follows, we use the branch cut [−∞, q] ∪ [p,∞].
For a closed contour γ, set
(4.17) Ψ ≡ Ψ(p, q) := C(κ)
∮
γ
Ψ](p, q, ζ) dζ,
where the normalization constant C(κ) is given by
(4.18) C(κ) =
(
2 sin
4pi
κ
)−2 1
Γ(1− 4/κ) .
Here Γ is the Gamma function. It is easy to see that C(κ) has a simple pole at κ
if and only if 4/κ is a positive integer.
We denote by Π1 ≡ Π1(C \ {p, q}, ζ0) the fundamental group of C \ {p, q} with
base point ζ0. If 4/κ is not a positive integer, in order to make the partition function
(4.19) Z ≡ Z(r, p− q) := EΨ = C(κ)
∮
γ
Z](p, q, ζ) dζ,
single-valued, the homotopy class [γ] should reside in the commutator subgroup of
the Π1. Moreover, this specific choice of C(κ) makes the expression (4.19) non-
trivial for all values of κ > 0 after removing possible singularities. We will explain
this in Proposition 4.8 below.
The simplest example of such γ is the Pochhammer contour P(p, q) entwining
p and q. See Figure 1 below for the description of P(p, q), where we indicate the
branch cut as a dotted line. It is an elementary but remarkable property that the
winding number of P(p, q) with respect to each point p, q is zero. This property
allows us to define Z](p, q, ·) as a single-valued analytic function on the contour.
ANNULUS SLE PARTITION FUNCTIONS AND MARTINGALE-OBSERVABLES 33
q p
Figure 1. Pochhammer contour
Indeed, the Pochhammer contour is the typical example of path contained in
the class of first twisted homology or loaded cycle, see [26, 27]. In other words for
any (single-valued) function G(ζ) defined on P(p, q), we have
(4.20)
∮
P(p,q)
∂ζG(ζ) dζ = 0.
We now present the following version of null-vector equations, which is precisely
the first assertion of Theorem C.
Proposition 4.8. For any κ > 0, Z(r, ·) is a (non-trivial) real-valued solution to
(4.21) ∂rZ =
κ
2
Z ′′ +HZ ′ +
(
3
κ
− 1
2
)
H ′Z + C(r)Z,
where C(r) is given as (4.12)
Proof. Recall that Z](p, q, ζ) := EΨ][p, q, ζ]. Combining Lemma 4.7 with (4.15),
∂rZ
] =
κ
2
∂2Z] +
[(
3
κ
− 1
2
)
H ′ +H ′(p− ζ)
]
Z]
−
(
H∂qZ˜ +H(p− ζ)∂ζZ]
)
+ C(r)Z].
Observe that by the evaluation (4.16),
(∂ + ∂q + ∂ζ)Z
](p, q, ζ) = 0.
Therefore the above equation is rewritten as
∂rZ
] =
κ
2
∂2Z] +H∂Z] +
(
3
κ
− 1
2
)
H ′Z] + C(r)Z] + ∂ζF (ζ),(4.22)
where
F (ζ) := H(p− q)Z] −H(p− ζ)Z].
By integrating (4.22) with respect to screening variable ζ along P(p, q), the desired
null-vector equation (4.21) follows from (4.20).
It remains to verify the real-valuedness and non-triviality of Z(r, ·). For κ > 4,
the expression (4.19) can be decomposed as
Z = C(κ)
4∑
j=1
∫
γj
Z](p, q, ζ) dζ,(4.23)
where the path γj ’s are given as in Figure 2 below.
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q p
γ1
q p
γ2
q p
γ3
q p
γ4
Figure 2. A contour deformation
We denote by f(·) the principal branch of Z](p, q, ·) defined on C \ ([−∞, q] ∪
[p,∞]). Then one can express Z](p, q, ·) on γj as
Z](p, q, ζ) =

f(ζ) if ζ ∈ γ1
f(ζ)e−2pii
4
κ
pi if ζ ∈ γ2
f(ζ) if ζ ∈ γ3
f(ζ)e2pii
4
κ
pi if ζ ∈ γ4
Therefore the Pochhammer contour integration (4.23) coincides with the following
Euler type integral
(4.24) Z(r, p− q) = 1
Γ(1− 4/κ)
∫ p
q
Z](p, q, t) dt.
The integrability condition is satisfied both at p and q if and only if κ > 4. Note
that the integrand Z](p, q, ·) is a positive function since Θ(r, ·) and Θ˜(r, ·) are non-
negative functions in the interval [0, 2pi] vanishing only at 0,2pi. Therefore the
positivity of Z(r, ·) for κ > 4 follows.
We remark that as a function of κ, Z can be interpreted as an analytic contin-
uation of the right-hand side of (4.24), which implies the real-valuedness of Z for
κ ≤ 4. Now it remains to check the non-triviality of Z. By (4.11), we have (up to
a multiplicative constant)
Z∞(p− q) := lim
r→∞Z(r, p− q)
= C(κ) sin
2
κ
(p
2
)∮
P(p,q)
sin−
4
κ
(
p− ζ
2
)
sin−
4
κ
(
ζ − q
2
)
dζ.
Therefore for κ > 4,
Z∞(p− q) = 1
Γ(1− 4/κ) sin
2
κ
(p
2
)∫ p
q
sin−
4
κ
(
p− t
2
)
sin−
4
κ
(
t− q
2
)
dt.
The regularized hypergeometric function
2F 1(a, b; c; z) :=
2F1(a, b; c; z)
Γ(c)
is an entire function of a, b, c. Then by [21, Eq.(15.6.1)], we have
(4.25) Z∞(x) = cos
2
κ
−1
(x
4
)
sin1−
6
κ
(x
4
)
2F 1
(
1
2
, 1− 4
κ
;
3
2
− 4
κ
,− tan
(x
4
)2)
.
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Therefore by the identity theorem, (4.25) holds not only for κ > 4 but also for
κ ≤ 4. Therefore we conclude that Z(r, ·) is a non-trivial function for all κ > 0. 
Example. As a consequence of Proposition 4.8, it is easy to observe that Z∞ solves
following ordinary differential equation:
(4.26) 0 =
κ
2
Z ′′∞ + cot
(x
2
)
Z ′∞ +
(
3
κ
− 1
2
)
cot
(x
2
)′
Z∞ − 1
2κ
Z∞.
We remark that the ordinary differential equation (4.26) was also introduced by
Zhan as a commutation relation for the radial SLE(κ,Λ) process, see [30, Section
4.5]. In particular for the values of κ such that 4/κ is a positive integer, the
expression (4.25) is simplified and expressed in terms of trigonometric functions,
see e.g., [21, Section 15.4]. See for instance Table 1 below, where we write sin2(x) :=
sin(x/2) and cot2(x) = cot(x/2) to lighten notations.
Table 1. Partition functions Z∞
κ Z∞(·)
4 sin
−1/2
2
2 sin−12 cot2
4/3 sin
−3/2
2
(
3 cot22−2 cot′2 +
1
3
)
1 sin−22
(
4 cot32−6 cot2 cot′2 + cot′′2 + cot2
)
Example: Some particular solutions. Observe that if 4/κ is a positive integer,
Z](p, q, ·) is a well-defined meromorphic function in C having poles only at p and q.
Therefore one can choose sufficiently small circle around p as an integration contour
in (4.19). In this case, it is easy to calculate the annulus SLE partition functions
by residue calculus. We present some particular solutions (up to multiplicative
constant) in Table 2 for ER boundary condition.
Table 2. Partition functions Z
κ Z(r, ·)
4 Θ−1/2
2 Θ−1H
4/3 Θ−3/2
(
3H2 − 2H ′ + 4ζr(pi)
pi
)
1 Θ−2
(
4H3 − 6HH ′ +H ′′ + 12ζr(pi)
pi
H
)
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Now we present the proof of Theorem C. Recall that
Ψ ≡ Ψ(ξ, q) := C(κ)
∮
P(ξ,q)
Ψ](ξ, q, ζ) dζ.
By definition, EΨ = Z and Λ = κ(logZ)′.
Proof of Theorem C. By Proposition 4.8, it remains to prove the second assertion.
For any string X of fields in the OPE family F(b), let
Rξ = ÊX := EΨ(ξ, q)X
EΨ(ξ, q)
.
Note that all we need to show is the following version of BPZ-Cardy equation
(4.27)
1
a2
∂2ξRξ + Λ∂ξRξ = L+vξRξ + ∂rRξ.
By Proposition 4.5, we have
1
a2
∂2ξE[Ψ
](ξ, q, ζ)X ] = L+vξ(q, SX )E[Ψ](ξ, q, ζ)X ] + L+vξ(ζ)E[Ψ](ξ, q, ζ)X ]
+ (−C(r) + ∂r) E[Ψ](ξ, q, ζ)X ],
(4.28)
where C(r) is given as (4.12). Note that since Ψ] is a (1, 0)-differential with respect
to ζ, we have
L+vξ(ζ)E
[
Ψ](ξ, q, ζ)X
]
= ∂ζ
[
vξ(ζ)E[Ψ
](ξ, q, ζ)X ]
]
.
By (4.20), ∮
P(p,q)
L+vp(ζ)E[Ψ](p, q, ζ)X ]dζ = 0.
Integrating (4.28) with respect to ζ along P(p, q), we obtain
(4.29)
1
a2
∂2ξ
(
ZRξ
)
= L+vξ
(
ZRξ
)
+
(
− C(r) + ∂r
)(
ZRξ
)
.
Combining (4.29) with Proposition 4.8 we conclude (4.27), which completes the
proof. 
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